Multi
Parabolic Multi-Scale Problems
We consider the following multi-scale parabolic equation:
where u ε = u ε (t, x), x ∈ Ω ⊂ IR d is a bounded domain, and A ε (x) = A(
, is uniformly elliptic, bounded and periodic in each of its spatial direction i.e.,
where we set y i = x i /ε and A(x/ε) = A(y). The functions A ij (y) will be referred as y−periodic functions.
Classical homogenization theory tells us that (see [2, chap.1,2])
where u 0 is the solution of the so-called homogenized problem obtained from the solution of equations (1-3) in which A ε is replaced by A 0 the homogenized matrix which does not contain the ε−scale. The homogenized equations are usually found by asymptotic expansion (see [2, chap.1,2] ). However, in general it is not trivial, sometimes even impossible, to obtain the homogenized equations explicitly. Therefore it is of interest to design numerical methods that are based on the original microscale model (1-3).
Finite difference HMM
If we apply a standard finite difference scheme to equations (1-3), the discretization should satisfy ∆x < ε if we want to resolve the ε−scale. This can be prohibitive if ε is small. To overcome this problem we propose a "heterogeneous" discretization which cares about the fine scale only on small representative regions of size ε of the spatial domain. We give an overview of the method and refer to [1] for more details. We also refer to [3] for a general methodology for coupling macroscopic and microscopic models for several class of problems.
Let us consider the domain Ω = [0, 1] × [0, 1] (for simplicity) of IR 2 , and we discretize it with a coarse equidistant mesh (x 1i , x 2j ), i, j = 1, . . . , N, for which ∆x = x 1i+1 − x 1i = x 2j+1 − x 2j is much larger than ε. We define also d − = (∆x − ε)/2, d + = (∆x + ε)/2 and four ε−cells around each point (x 1i , x 2j ):
The idea is to evolve a macroscopic model for the flux form of the parabolic equation (1-3) on a coarse grid with large time steps, where P (t, x 1i , x 2j ) = (P 1 , P 2 ) is estimated by solving the original equations around (x 1i , x 2j ). Notice that a macroscopic model is known to exist from the homogenization theory. The goal is to estimate it by considering only the microscale equations (1-3).
Suppose that at time t k we have a numerical solution of equation (9) 
